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A hydrodynamic model of fluidization was developed that computes void frac- 
tions, pressure and solid and gas velocities in cylindrical fluidized beds. Computed 
time-averaged gas velocity distributions of a jet compared well with Westinghouse 
experimental data without the use of any fitted parameters. The main empirical 
input was a drag correlation from the literature. 
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SCOPE 

High rates of heat and mass transfer and solids mobility make 
the fluidized-bed reactors ideal for many solid-fluid reactions, 
such as gasification of coal. However, one of the largest con- 
cerns when using fluidized beds to commercialize many 
chemical processes is scale-up (Keairns, 1979). We believe this 
is due to the absence of an experimentally verified hydrody- 
namic theory that can describe the complicated transient gas 
and solid motion in a fluid bed. 

During the past three years several organizations began to 
develop hydrodynamic computer models for a fluidized-bed 
gasifier that promise to be predictive in many respects (JAY- 
COR, S3, IIT). In addition to providing a tool for scale-up and 
process optimization, these models help understand the chem- 
ical and physical behavior of the systems. These models are 
based on the early hydrodynamic theory of Jackson, (1963a,b, 

1971). Jackson’s equations reduce themselves to the popular 
Davidson’s (1961) theory for the case of a constant void fraction 
(Lyczkowski et al., 1982). The S3 and the IIT computer models 
calculate the pressure, the void fraction and the velocities of a 
single-size solid and of the gas. The fluid bed never reaches a 
steady state, but continually oscillates, as bubbles form, rise 
through the bed and erupt on top of the bed. Both models have 
the ability to compute a bubble size that compares well to ex- 
periments (S3, Schneyer et al. 1981; Gidaspow et al., 1983a). The 
IIT model was found to be able to predict time averaged po- 
rosity distributions in a two-dimensional bed with a jet, (Gida- 
spow, 1981a,b). The input to the models must consist of inde- 
pendently measured correlations, such as the drag laws avail- 
able in the literature and should ideally not involve parameters 
fitted from the experiment being modeled. 

CONCLUSIONS AND SIGNIFICANCE 

A numerically stable hydrodynamic computer model was 
developed for a cold fluidized bed that has only one empirical 
input; a drag relation from the fluidization literature. A solids’ 
stress relation is used to remedy the inherent illposedness of 
Jackson’s equations. This solids pressure or stress is generally 
very small numerically. The competitive S3 model has other 
empirical input such as solids viscosities. 

The results of the computer model agreed within the experi- 

INTRODUCTION 

To understand the dynamics of gas-solid motion in a fluidized- 
bed gasifier, a convenient device is a semicircular bed with a 
window to allow observation of the motion of bubbles. Such a de- 
vice has been exploited with particular success by Yang and 
Keairns. 

Yang and Keaims (1980) have published numerous data on local 
pressure and gas velocities in a semicircular fluidized bed. They 
measured the static and impact pressures at different locations in 
the bed by using U-tube and inclined manometers. The gas velocity 
is then found by setting the kinetic energy of the gas equal to the 
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mental error with the measured time averaged jet velocity 
profiles obtained at Westinghouse, Yang and Keairns (1980), in 
a semicircular bed with and without solid loading. No fitted 
parameters were used. There is also qualitative agreement with 
the results of solid velocity measured by Donsi et al. (1980). 

The code can now be extended to model a real hot-bed gasifier 
by adding energy and conservation of species equations. 

difference between the two pressures. Yang and Keairns (1981) 
have also reported data on solid entrainment velocities into the 
jetting region of the same semicircular bed by analyzing high-speed 
movies of the dyed particle movement in the bed. 

Donsi et al. (1980) have measured axial solid and gas velocity 
profiles in cylindrical and semicircular beds for a variety of par- 
ticles. They measured gas and solid velocities by using pitot tubes 
and high speed photography. They also utilized an impact probe 
to measure the number of particles crossing the jet cross-sectional 
area per unit time. They have thus been able to find the solid’s 
volume fraction along the jet. They also attempted to analyse their 
experimental findings by using turbulent jet theory. 

The K-FIX computer code (Rivard and Torrey, 1977) was 
modified and used to predict the flow behavior of cylindrical 
fluidized beds. 
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EQUATIONS OF MOTION 

Hydrodynamic models of fluidization use the principles of 
conservation of mass, momentum and energy. The continuity and 
the separate phase momentum equations for transient two-phase 
flow in cylindrical coordinates are: 

Gas Continuity 

I 

Solid Continuity 

Gas Momentum Equation in r Direction 

Solid Momentum Equation in r Direction 
d[P,(l - ~ ) U S l  + 1 d[Ps(l - t)U:rl + h[Ps( l  - r)UsVsI = 

dt T dr dY 

where 

a r r r  = 
G ( f )  ' - 

dr 

Gas Momentum Equation in y Direction 
dpgrVg 1 d p g € U g V ~  dpg€v; - - + -  + 

at r dr dY 

( 5 )  

where 

In the equations of motion pr and pY are the friction coefficients 
between the gas and the solid particles. 

According to Wen and Yu (1966) for porosities less than 0.8 the 
pressure drop due to friction between gas and solids can be de- 
scribed by the Ergun equation. Thus the friction coefficient in this 
porosity range becomes, 

Rietma and Mutsers (1973) have also found a similar expression 
for 

Wen and Yu (1966) have extended the works of Richardson and 
Zaki (1954) to derive an expression for pressure drop prediction 
in particulate beds. For porosities greater than 0.8 such a relation 
for pressure drop leads to the following expression for the friction 
coefficient. 

whose reciprocal they call mobility. 

f(t)  t 1 0 . 8  (10) 
dp 4 s  

where CD,, the drag coefficient in y direction, is related to 
Reynolds number, Rowe (1961) 

C,, = ~ 24 (1 + 0.15Res,0.687) Resy < 1,000 (11) 
Re,, 

cc 
E 

-I 

J- 
\c 

FREE 
BOARD 

I 

I 

Figure 1. Geometry of the bed used in the numerical calculations. 

CD, = 0.44 Re,, 1 1,000 (12) 

(13) 

In Eq. 10f(t) shows the effect due to the presence of other particles 
in the fluid and acts as a correction to the usual Stokes law for free 
fall of a single particle. We use 

where 

tPg(Vg - VsMp 
%? 

Re,, = 

f(t) = t-2.65 (14) 

The expression for the friction coefficient in the radial direction 
is the same as that in the axial direction. 

The terms r,, and ryy are the normal components of the solid 
phase stress tensor. In the absence of such terms the local values of 
the void fraction in the fluid bed become unrealistically low. 
Rietma and Mutsers (1973) have included such a term in their solid 
equation of motion. Kos (1977) has made measurements of such 
a term for sedimentation. He found it to be small compared to the 
hydrostatic pressure. The constitutive equation for the normal 
component of stress is 

7 = r(t) (15) 

Using the chain rule, in the y direction we obtain 

Page 530 July, 1984 AlChE Journal (Vol. 30, No. 4) 



TABLE 1. PHYSICAL PROPERTIES OF THE GAS (AIR) AND SOLID 
PARTICLES (POLYETHELENE) ( WESTINGHOUSE BED) 

Experiment Computer Run 

0.28 cm Same 
901 Same pS, kdm3 

urn,, m/s 0.762 m/s Same 
emf Not Reported 0.407 
Tg, Ts 293 K Same 

dP 

0 YANG AND UEAIRN'S OATA AT 9.3 cm 
ABOVE JET INLET 

c 
I20 

\ - - TMEORY AT 9 6 cm ABOVE JET INLET 

t - - - ~  RADIAL DISTANCE FROM JET AXIS, cm 

Figure 2. Experimental and time averaged theoretical axial gas velocities 
without solid loading in the jet at around 9.5 cm above gas inlet, V,, = 34.5 

mlsec. 

:k 

9 3 Cm ABOVE JET INLET 

THEORY AT 96  sm ABOM JET INLET 

OUTSIDE WALL 

2 4 6 8 10 12 14 

RADIAL DISTANCE FROM JET AXIS. cm -r 

Figure 3. Experimental and time averaged theoretical axial gas velocities with 
solid loading in the jet at around 9 cm above gas Inlet, Vgjet = 34.5 mlsec. 

Pritchett et al. (1978) use the nomenclature, G ( E )  for the modulus 
of elasticity or the particle-particle interaction coefficient, d7/&, 
ie.,  

An interpolation of Rietma and Mutser's data (1973) on glass beads 
and polypropylene particles was used for G ( E )  in this study. 

(18) 

Numerical significance of this term is at porosities close to emf. This 
term also improves the numerical stability of the system of equa- 
tions by converting imaginary characteristics into real values. One 
of the characteristic directions, derived by Fanucci et al. (1979), 
for one dimensional incompressible flow for the set of conservation 
equations shown before is, 

- G ( € )  = 10(-10.46~ 4- 6.577), N/m2 
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Figure 5. Time averaged theoretical axial solid velocities with solid loading 
in the jet, V,, = 34.5 mlsec. 

In Eq. 19, as the value of porosity becomes smaller, -G(E) becomes 
larger. This at porosities close to or below minimum fluidization, 
makes the characteristic, Eq. 19, real. The numerical results were 
found not to be greatly influenced when sensitivity runs were made 
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loading in the jet. 

for different values of G ( E )  in two-dimensional beds (Ettehadieh, 
1982). 

also based their computation method on the ICE technique (Har- 
low and Amsden (1971), as described above. 

NUMERICAL SOLUTION 

The set of nonlinear partial differential equations was solved for 
U,,  U,, V,, E and P using the numerics of the K-FIX program 
(Rivard and Torrey, 1977; Ettehadieh, 1982). The K-FIX code 
employs a staggered finite difference mesh system. Phase velocities 
are centered on cell boundaries, whereas all other quantities are 
centered at the center of the mesh. Mass and momentum fluxes 
across the cell boundaries are full donor cell differenced. The finite 
differenced equations were solved semiimplicitly, by a combination 
of point relaxation, Newton’s and secant methods. 

Instability problems were avoided by using the stabilizing solid 
stress term and Iarge mesh sizes, as analyzed by Lyczkowski et al. 
(1978). Typical mesh sizes used in modeling of the Yang and 
Keairns experiment are Ar = 1.75 em and Az = 4.8 em. The 
Courant stability condition of At I Az/V,,, provides a relation 
for proper assignment of mesh sizes and time increment. 

S3 (Schneyer et al., 1981) and JAYCOR (Scharff et al., 1982) have 

COMPARISON OF THEORETICAL RESULTS TO 
WESTINGHOUSE DATA 

The model bed used in the numerical computations is somewhat 
different from the actual fluid bed used by Yang and Keairns 
(1980). The grid flow section is eliminated and jet entrance is at 
level with the distributor plate through which minimum fluidizing 
gas flows. The jet entrance is also semicircular with its center at the 
center of the cylinder base. The geometry of the computational 
bed is shown in Figure 1. Data corresponding to runs GSF-44 and 
GSF-47 of Yang and Keairns were chosen for the computations. 
In both runs the jet gas velocity was 34.5 m/s. In run GSF-44 there 
is no solid loading in the jet flow, in run GSF-47 the solid loading 
is 2.75 wt. of solid/wt. of gas. 

Physical properties of the gas and solid particles are shown in 
Table 1. The bed was assumed to be initially at minimum fluid- 
ization. The minimum fluidization porosity, tmf, was found by 
setting the bed weight equal to the pressure drop across the bed as 
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Figure 8. Time averaged pressure profiles across the cylindrical bed without 
solid loading in the Jet, Vgr = 34.5 m/sec. 

given by the Ergun equation and solving iteratively for emf. 
Computed and time averaged, axial gas velocities are compared 

to the experimental results of Westinghouse in Figures 2 and 3. 
Figure 2 shows a close agreement between the theory and the ex- 
periment at around 9.6 cm. above jet inlet. It is also evident that 
the axial gas velocity is high close to the jet axis, and that it decreases 
very sharply and then flattens away from jet axis. 

Experimental axial gas velocities with solid loading are on the 
average 5 to 8 m/s higher than those without solid loading. The 
difference between experimental and theoretical axial gas velocities 
is higher with solid loading than with no solid loading. Figure 3 
shows a difference of 3 to 4 m/s between theoretical and experi- 
mental velocities. In the original Westinghouse bed, the gas flow 
rate through the grid region, which was about 30 cm above the 
distributor plate, was 1.99 m3/min, compared to jet gas flow rate 
of 0.99 m3/min. The comparison of the experimental and the 
theoretical axial gas velocities shows that the effect of grid flow 
elimination is more pronounced at higher heights and away from 
jet axis. 

Time averaged theoretical axial solid velocities are shown in 
Figures 4 and 5. In the case of zero solid loading in the jet flow, 

Figure 4, the solid particle velocity increases along the jet axis, 
reaches a maximum velocity of 3.83 m/s at a height of 19.2 cm and 
then starts to decrease. With solid loading in the jet, the solid par- 
ticles have to be conveyed by the gas in the jet before they enter 
the fluidized bed; the solid-gas slip velocity at the jet inlet has to 
be close to the particle terminal velocity at the jet loading condi- 
tions. Hence, the solid velocity is at its' maximum at the jet inlet, 
Vs = 26.575 m/s, and decreases along the jet axis, Figure 5. 

Figure 6 shows the time-averaged computed porosity profiles 
for the jet without solid loading. Some of the solid particles are 
blown into the free board initially provided above the static bed 
height due to high jet gas velocity. The porosity remains at/or 
around its minimum fluidization value up to a height of 29 cm and 
away from the jet inlet. Figure 7 shows the porosity profiles with 
solid loading in the jet. In both Figures 6 and 7 there is a minimum 
in porosity along the jet axis. In Figure 6, the minimum in porosity 
is 80 cm above the jet axis. With solid loading in the jet, the mini- 
mum porosity moves to about 62 cm above the jet inlet. This may 
be due to the solid content of the entering jet. 

In studying the experimental porosity distributions in two- 
dimensional rectangular beds, Gidaspow et al. (1983a) have defined 
the minimum height where the porosity of a location at the jet axis 
is equal to that at its vicinity as the jet penetration depth and 
compared this depth to literature correlations. This height is about 
55 cm above jet inlet, Figure 6. This value compares to a jet pen- 
etration height of 67.2 cm found from the correlation given by 
Basov et al. (1969). The Yang and Keaims' (1981) correlation shows 
a penetration height of 56 cm. With solid loading in the jet, the 
minimum porosity moves to about 62 cm above the jet inlet. With 
solid loading in the jet the location on jet axis where porosity is close 
to the porosity of adjacent cells moves to about 80 cm above the jet 
inlet. The Yang and Keairns' correlation when modified for the 
additional momentum input into the bed due to jet solid content, 
gives a penetration height of 68 cm. 

In Figure 8, time-averaged axial pressure profiles are shown at 
three different radial distances. These profiles show an almost linear 
pressure drop and that the axial pressure drop variation is minimal 
at different radial locations. The static bed height used in these 
computations was 86.4 cm. Thus the initial weight of the bed or 
the pressure drop at minimum fluidization is 

(21 1 AP = P S O  - h f ) H m f g  
or 

Ap = 4,527 Pa 

From Figure 8, the overall time averaged pressure drop at r = 
0.875 cm is 4,320 Pa compared to 4,527 Pa at minimum fluidiza- 
tion. The difference between the two pressure drops can in part 
be attributed to the additional solids pressure term in the solids 
momentum equation. 

Figure S. Growth and propagatlon of a void In a cyllndrlcal bed with solld loadlng In the jet. 
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Figure 10. Formation of a toroldal bubble in a fluid bed with a let. 

TABLE 2. PHYSICAL PROPERTIES OF THE GAS (AIR) AND SOLID 
PARTICLES (PLASTIC BEADS) (DONSI ET AL.’S BED) 

Experiment Computer Run 

0.29 cm Same 
1,200 Same 

Vmf, mls 0.89 Same 
Hmf ,  m 0.1 Same 
emf Not Reported 0.397 
Vgjet, mls 90 Same 

JP 
pS, k d m 3  

T g ,  Ts, K Not Reported 300 

Figure 9 shows growth and movement of a void in the fluid bed, 
with solids entering via the jet gas flow. After the jet is turned on 
at time zero it forms a flame like jetting region above the inlet. A 
void or bubble is thus formed which disengages from the inlet as 
it rises in the bed. During the 0.2 to 0.3 s period the next flame-like 
region formed penetrates the first bubble and thus raises its solid 
content giving it a toroidal shape. This phenomenon was observed 
as bubbles splitting in two-dimensional beds (Gidaspow, et al., 
1983b). During the 0.3 to 0.4 s period the next jetting region co- 
alesces with the first bubble. As can be seen in Figure 9, the odd- 
shaped bubble or void at time 0.4 has a significant solid content 
which releases into the free board of the fluid bed subsequent to 
its eruption at the bed surface. 

The contours of 0.8 porosities in the fluid bed with no solid 
loading in the jet gas flow are shown in Figure 10. At the 0.17 s 
instant in bed operation the region of 0.8 porosity and larger has 
just disengaged from the gas inlet. The diameter of a sphere of the 
same volume as this void is 14.3 cm. Davidson and Harrison’s (1963) 
relation yields a diameter of 20.5 cm for a bubble formed at the 
gas inlet. In view of the simplifying assumptions in the Davidson 
and Harrison’s approximate analytical formula, the comparison 
of the bubble sizes is good. There is a need to compare the theo- 
retically calculated bubble sizes to photographs of bubbles. How- 
ever, such data are not as yet available to the authors. 
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Figure 11. Time averaged porosity profiles without solid loading in the jet. 
-G(c)= 10(-8.7BL+5.434)N/M2. 

SENSITIVITY TO THE SOLIDS PRESSURE 

The solids pressure modulus, G ( E ) ,  plays two roles in the solution 
of the equations. It helps numerical stability and it prevents the 
particle volume fraction from becoming excessively high. Due to 
the unavailability of experimental data for C ( E )  for the polyeth- 
ylene particles, two extreme values of G(6) from Rietma and 
Mutsers (1973) data for glass beads and polypropylene particles 
of size range 0-160 mesh were used. They are 

(22) -G(E)  = 1O(-S 7 6 ~  + 5 43)N/m2 
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Figure 12. Effect of solids pressure modulus on time averaged velocities. 
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and C(t) given by Eq. 18. At a minimum fluidization of 0.407, Eq. 
18 yields a value of G(t) of 209 N/m2. Equation 22 gives 73 
N/m2. 

Figure 11 shows the time-averaged porosity distribution with 
the new G(t)  calculated from Eq. 22. As can be seen from Figures 
14 and 6 the major difference in the porosity distribution is at re- 
gions of porosity less than emf, such as adjacent to the outside wall 
above the distributor plate. With G(E) from Eq. 22 the areas close 
to the wall are more packed and the local porosities have fallen to 
below that of round spheres at packed-bed conditions. In Figure 
12 the time-averaged axial gas velocities for the two different C(t) 
are compared to each other at 9.6 cm above the jet inlet. The gas 
velocities are almost identical. The computed solids velocities were 
also very close to each other. Hence the numerical results are in- 
sensitive to the values of solids pressure moduli above minimum 
fluidization. 

COMPARISON OF THEORETICAL RESULTS TO DONS1 El 
AL’S EXPERIMENTAL DATA 

Donsi et al. (1980) have measured the gas velocity by indirect 
measurement of pressure inside the jetting region. They have also 
measured the solid velocities by analyzing high-speed movies of 
the fluid bed. Impact probes were used to count the particles 
moving inside the jet and hence with estimates of solid velocities 
from the movies the void fraction inside the jetting region was 
found. 

The experimental fluid bed was a cylinder, 16 cm in diameter 
with a 1 cm jet opening flush to the distributor plate at the center 
of the cylinder base. Initially the bed was assumed to be minimally 
fluidized at atmospheric pressure. Gas-solid properties and other 
related information are shown in Table 2. Minimum fluidization 
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HEIGHT ABOVE J E T  I N L E T ,  C M  

Figure 14. Experimental and time averaged theoretical axial solid velocities 
along the jet axis, VDp,t = 90 mlsec. 

HEIGHT ABOVE JET INLET, CM 

Figure 15. Experimental and time averaged theoretical solid volume fraction 
along the jet axis, VSw = 90 mlsec. 

porosity was found as in Yang and Keairns fluid bed. 
Profiles of axial gas velocities presented by Yang and Keairns 

(1980), also measured by pitot tubes, show the gas velocity to be 
maximum at the jet center and to fall sharply away from it. Thus 
vibrations of the pitot tube due to impact of moving particles or 
a slight error in exact centering of the probe may give substantially 
different values. This may become more evident from the com- 
parison of experimental axial gas velocities referred to as “at jet 
axis” and the theoretical axial gas velocities, as shown in Figure 13. 
Close to the jet entrance the experimental results are close to the 
theoretical values at the jet center but away from the entrance the 
computed axial velocities at 2.5 mm away from the axis have a far 
better agreement with the experimental data. 

Similar inaccuracies may exist in estimation of solid velocities 
calculated from movies. In Figure 14 the computed axial solid 
velocities are compared to the data. Both theoretical and experi- 
mental solid velocities are small at the jet inlet and they rise sharply 
within a short acceleration zone. The computational results exactly 
at the jet center follow the experimental data in this zone whereas 
during the deceleration zone, as the solids loose their momentum, 
the theoretical results at 2.5 mm away from the jet center have 
better agreement with data. 

Figure 15 shows the computed and experimental solid volume 
fractions along the jet axis. The lower curve in Figure 15 is the solid 
volume fractions exactly at the jet center. The solid line shows the 
computed void fraction at 5 mm. away from jet axis. The experi- 
mental data lie between the two theoretical curves. Figure 15 also 
shows that the axial solid volume fraction rises steadily along the 
bed height, without going through a minimum as was observed in 
the Westinghouse results. The Basov’s (1969) correlation yields a 
jet penetration height of 196 ern for 90 m/s jet velocity. This height 
is much higher than the 10 cm static bed height of the Donsi et al.’s 
experiment. Thus, as the absence of a minimum in axial void 
fraction shows, the high velocity jet penetrates the bed. In other 
words the experimental bed should have been spouting. 
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NOTATION 

CD = drag coefficient 

g 
G ( E )  
H,f 
P = pressure, Pa 
Re, = solid Reynolds number 
T = temperature, “C 
t = time, second 
Umj 
US 
Ug 
vs 
Vg 
r 
Y 

= diameter of solid particles, m 
= gravitational force per unit mass, m/s2 
= modulus of elasticity, N/m2 
= minimum fluidization bed depth, m 

d, 

= minimum fluidization velocity, m/s 
= radial solid velocity, m/s 
= radial gas velocity, m/s 
= axial solid velocity, m/s 
= axial gas velocity, m/s 
= coordinate in radial direction, m 
= coordinate in axial direction, m 

Greek Letters 

= fluid-particle friction coefficient kg/m% 
= gas volume fraction 
= porosity at minimum fluidization 
= shape factor (sphericity) 
= solids stress, N/m2 
= gas viscosity, kg/ms 
= gas density, kg/m3 
= solid and particle densities, kg/m3 

Subscrlpis 

g = gas 
S = solid 
P = particle 
mf = minimum fluidization 
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